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total solution of E q . ( 7 )

u~ Ae~~~
t (Ce~~ + D~ ’2 ) ( Ee~ X + Fe~~ x )  (8)

where w is the angular frequency, A ,C , D ,E ,F are constants to be determined by

the boundary conditions, and m and n are the complex propagation constants in

the z- and x-directions , respectively.

Disp lacement Boundary Conditions

This same equation can now be applied to each of the three regions of in-

terest: the solid delay line and the upper and lower liquid layers ; then the

boundary conditions are matched . rn steady state the frequencies are the same
in all regions.

Cons ider the transverse wave in the viscoelastic medium above and below the

plates . This wave is traveling unbounded in the posit ive z- and x-directions

and since it is t ravel ing in an a t tenuat ing  medium , the disp lacement must approach

zero as z and x approach infinity . Then C =E =0 in the liquid above the plate

and similarly C F O  in the liquid below the plate.

In the plate itse lf the waves are bounded in the x-direction and thus there

is only one boundary condition that is C=O. The solutions can be obtained as

fo l lows:
—~ z — n  x iwt

• 
= H.~,e o e e (9a)

u~ ~~e i z e
IWt

(en +e~~ 1x ) (9b)

~~~~ ~ ~ ~ 
iwt

• u~ H0e o e o e (9c)

where the subscripts 0, 1, 2 designate the region above the plate , the region

within the plate and the region below the plate , respective ly. The symbols H0

and H~ are appropriate combinations of A ,C,D,E,F.

Stress Boundary Conditions

• In the presence of liquid the stress continuity across the plane boundary ,

x ± b , requires that:

ox , = 0 (lO a )

= ( lOb)

17
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= 0. (lOc )

If the p late is in vacuum, a l l  component s t resses across the p late sur face

must be zero, hence from ~~~ = ~~~~~~~~~~~~ 
= 0 at x = ± b  one obtains

eh1
~ )~ = e l b (11)

Thus real En 1] = 0 and

IM [ n1 } = , 
I = 0, 1, 2 (12)

If we now res t r ic t  our consideration to the solution with I = 0 ( t h e

Meitzler mode) , Eq.  (9) for the wave in the pla te  becomes

— m  z iwt
u = 2H1 e lv e (13)y l

where m~ and m l L  will refer to the propagation vector in the solid , in the z-

direction, in the absence and pr esence of liquid.

If the plate is in a viscoelastic liquid, the comp lex shear modulus of the

liquid p~ is obtained from the stress continuity equation (lOb) combined with

Eq.(9b) to yield :
n (I _ e 2f l b )1 (14)
n~ (1 + e2°1”)

since (a~~)0 
= (cj~,, ) i ,  at x = b.

Next , the following wave vector relat ion for the liquid is obtained from

Eqs.(9a) and (7):

(15)

From disp lacement continuity across the plate , u~ u~ at x = + b  for all
4 1

values of z. Thus by equating Eqs .(9a) and ( 9 b ) ,  one concludes that

m0 = 
~~~ . (16)

Hence Eq.(15) can be combined wi th  (16) to obtain an equat ion that  coup les wave

vectors in the liquid and in the solid:

~~~ + n ~ ~~~~~~~~~~~ (17)
~ 0

Next , the fol lowing wave vector re la t ion  for  the p la te  (in li quid contact)

is obtained from Eqs .(9b) and (7)

18 
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+ n~ + ~~~~~2i. = 0 . (18)

Wh ile f or the p late in vacuum, we have shown by Eq.(l2) that n1 = 0 for the

Meitzler mode, thus the wave vector relation (‘8) becomes

m~~ ~~~~~~~~~~~~~~~~~~~~~~~~ (19)

In our experiment m1 Is measured in air (i.e., vacuum) and again in liquid.

Thus by combining Eqs .(18) and (19) we obtain

m~~ - m~~ - n • (20)

The complex modulus of the viscoelastic liquid ~~ can be obtained by using

the experimental values of Eq.(20) together with Eqs.(14) and (17) to give a

quadratic equation for ~~~~~ . Alternatively , an explicit relation to the mechanical

impedance of the liquid Z~ , can be obtained as seen below .

Notice some assumptions that were made in the preceding discussion :

(1) Motions are steady-state sinusoidal of small amplitude so that nonlinear

response of the propagating media can be neglected; (2) the p la te is assumed to

be isotropic and homogeneous and (3) the transducer will only excite the non-

dispersive SS (O) mode .

Relation of Mechanical Impedance of Liquid to Propagation Vector in Solid

The equations derived in the preceding section can also be related to the
*mechanical impedance Z
~ of the liqutd.

The mechanical impedance of a material is defined as the ratio of the stress

to the particle velocity produced by that stress at any surface through the

material. For the shear stress components of interest here in the liquid we

can write

(2 1a)
u~0

or 
= ~~~~ . ( 2 l b )

It can be shown that the characteristic (shear) mechanical impedance tor

an unbounded liquid is related to the complex shear modulus and density by

-

~

-- -

~

--

~ 

~~- - ~~~~~ -- - --
~~~

- -
~~

--
~~~

- ~~~~ •--- - -~~~~~~~~~-
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Z = (oo~~~ )~~ . (22)

Across the liquid-p late interface, x = + b , we have seen that disp lacement

and stress must be continuous, hence velocity and stress/velocity must also be

con tinuous .

At x = b

-• u),] = u ,,, (23a)

= 
~~y o  (23b)

~ x y 1 = = Z I ) ,Ø (23c)

and

= ~~~~ = Z . (23d)

Since we had for displacement and stress in the pla te

— m  z i-CUtu~ 1 = 2H1 cosh n1xe 1 e (24)

~ x y 1  = 2H~~1n1 sinh n1xe~~ 1’~e~~
t 

, (25)

the values of these functions at x = b  are substituted into Eq. (23d) to obtain

• Zl~ = - i ~~~~ tanh n1b . (26)

If we expand tanh n1b, and take Jn 1b~ << I,

~n b\
3

- . • tanh n1 b = n1 b + ‘ ~ + .... (27)
3

• then

= .~~~1n~ b (28)

We had Eq.(20), that is,

-n~ = m ~~ - m ~~ . (20)

It is convenient to wri te  the comp lex propagation constants in their com-

- 
- ponent form:

-
- E A0 + iB0 (29a)
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and
(29b )

where A0, B0 and A , B are the attenuation and propagation constants in the plate

in the absence and presence of li quid, respectively . Hence, from Eq. (20):

-n~ = (A + iB) - (A0 + i80 )
2 

. (30)

For the usual case* where

(B+B0) >> (A +A 0) (31)

Eq.(30) becomes

= 2B0(~~B+ iM) (32)

where
= A - A0 and AB = B - B0 (33)

and from Eqs.(l9) and (29a)

B0 . (34)

Now Eq.(28) is rewritten as:

[ Z: = 2V5p 1 b(M+ i1~B) I (35)

This is the basic experimental equation that relates the mechanical imped-

ance of the liquid to the measured differences in attenuation and phase in the

plate delay line .

• I * Ass ume B0 B, and from Eqs.(31),

(A+ iB)2 - (A0 +iB0)° A2 -A ~ -B
2 +B~ +2i (AB -A 0B0)

= ( A ~~ A 0 ) ( A + A 0 ) - ( B - B0 ) ( B + B o ) + 2 i ( A B - A 0 Bo )

= ( B + B 0 ) (AA A + A 0  - AB+2i AA •_B0)
B+80 B + B 0

= 2B0(-~B+iM ) .
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It is convenient to summarize the interrelation between the mechanical irs-

pedance and the comp lex shear modulus parameters for description of the liquid.

These relationships are based on the linear theory of viscoelasticity. Also

note that in viscoelastic convention, the symbol G* ~~ for the shear modulus:

Z* a R + iX (36)

G * C G / +iG 11 (37)

IG I (G 12 +G1’2 )* 
(38)

Z~ = (p0 G~~~ (39)

R = p~ ( I G I  -G ’)~ (40)

X = 

~
(I
~I - G ’ )~~ (41)

G’ = (R~ - X 2 )/ 0 0 (42)

= 2RX/p 0 (43) j
G * = j( ~f l * (44)

11* 
— 

•fl
/ 

- j~” (45)

where R and X are mechanical res istance and reactance, Po the liquid density,
G ’ and G” are the shear storage and loss moduli, ‘fl

’ and ‘fl” are the real and

imaginary components of dynamic viscosity.

D. CAPILLARY TUBE VISCOMETRY AND PICNOMETRY

The s teady-s ta te  viscosity and density of the test fluids at atmospheric
pressure is required for analysis of the ultrasonic data. The following
tables summarize the measured values. The corresponding ultrasonic data are

to be measured shortly.

22
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CoUP° °~~ 

perfluotoa 
~oiyetbet

PreS5~X~~ 
1

Tempe tute °C Vt5C0~~~~ 
(poises) 

DensitY gf cc

25° 
tl.96

20° 
16.60 

1.90

15° 
23.5~ 

1.90

100 
34.47 

1.91

* 25. 0 
ii .43 

1.90

•1 

* 37.8 
~.33 

i.88

* 9 8 9  
•488 

1.78

* 148.9 
.160 

1.69

* ThiS data has been sup? ed by ~~~ F.
C. BrookS 

of the

Air porCe 
Matert~~~ 

LaboratorY , 
but not on the identiC~~

sample.

F1U1d 
All_ SO&6

2958)

Cotnposj tio ~~~~~~~~~~~~~ 

azelate

presSUt~~ 
1 Atmo6P~~

1
~

.
4

- __  
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Fluid: ATL-5O67
- (Stauffer 704)

Composition: Tri-methylol propane triheptanoate

- 
Pressure : 1 Atmosphere

Temperature °C Viscosity (Poises) Density g/cc

25° .239 .958

— 20° .286 .959

15° .355 .962

10° .449 .963

I
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SECTION III

- 
CONCLUSIONS

We have been proceeding rather cautiously in trying to achieve both the
- 

- 
short and long term objectives, and trying to test each step along the way.

But we do feel that the development of the Diamond Cell Light Scattering

Apparatus will provide an op timum and unique fac ility whereby extensive data

about the phenomenological and molecular properties of the lubricant can be —

obtained under laboratory conditions that come closest to stimulation of actual

END bearing lubrication .

L a

I
Li ________________
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A NOVEL METHOD FOR VISCOSITY MEASUREMENTS AT HIGH PRESSURES

Meyer H . Birnboim and H. Weiss
Mechanics Division
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-

Troy, New York 12181
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A NOVEL METHOD FOR VISCOS ITY MEASUR EMENTS AT HIGH PRESS URES

The technique of quasi-elastic light scattering is utilized as a method

- - to determine the viscosity of fluids subjected to large hydrostatic pressures.

In this method, a small concentration of insoluble polystyrene spheres of known

-• diameter , 0. 109 microns , were added to the fluid , water. The high pressure

cell in which the fluid is contained has three optical windows. The laser

light scattered from the suspended spheres is analyzed to determine the diffu-

sion coefficient of the spheres. Since, by Stokes law,

kT
— 

8iirD 
(I)

the v iscosity of the fluid is determined from the measured diffusion coeff i-

cient and known particle radius r.. A small correction is required for the

contraction of the sphere and for refractive index change of the water under

pressure. Results on the viscosity of water at 25°C up to pressures of

2.5 kilobars is reported and compared to published results.

The high pressure system and scattering cell (1) is illustrated in

Figure 1. The system is assembled from standard* high pressure components .

The scattering cell consists of a high pressure cross; three blank conical

plugs are drilled out and fitted with sapphire cylinder windows which are

epoxied in place. Windows from 1/8” to 1/4” diameter by 3/4” long have been

• used successfully to pressures of 35,000 psi. The fluid is filled through the

reservoir to overflow at the window to ensure that no air is trapped , then

the window plug is tightened . Pressure is generated by hand, by compression

*
American Instrument Company, Si lver Springs, Maryland .
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2.

of fluid in the valves. The sequence is: close all valves, open valves A , B,

close A, open C, close B, C, then repeat sequence from open valves A, B.

Three repetitions of the sequence will bring the pressure to 35,000 psi for

a water sample.

The light scattered by the polystyrene spheres is observed at a scattering

angle of 90° to the main beam. The intensity of scattered light is monitored

by a photomultiplier which is operated in a photon counting mode, thus the

number of photoelectric events (photocounts) per second n(t) is proportional

to the intensity of light. The intensity is not constant on short time scales

but exhibits fluctuation associated with the Brownian motion of the scattering

particles [see review by Cummins and Swinney (2)]. The sequence of “instantane-

ous” intensities are stored in real time in the memory of a computer, then the

autocorrelation function is calculated .

The photocount rate autocorrelation function c(r) is defined in terms of

the sequence n ( t ) ;  and in turn c(T) is related (2) to the translational diffu-

sion coefficient D:

2
c(T)  ( n ( t ) n ( t + T ) )

~ 
= (n(t)) ô(T) + (n(t))~ + Ae 2

~~ ~ (2)

The brackets 
~ 

denote the average overall starting times t ;  8(i-) = 1 for

-r = 0 and 8( T )  = 0 otherwise .

For our computer method, the real time t and delay time T are always a

multiple of T , that is t = jT with j = 0,1,2 .... ; A is a coefficient related

to the intensity of light scattered from the macromolecules; and the magnitude

of the scattering vector is obtained from

4rtn 2
K 2 

= ~- _2.) sin
2 
~ (3)

28 
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3.

where n and A are the refractive index of the solution and wavelength of the
0 0

light in vacuum . In this experiment, the scattering angle 9 was kept at 90°.

The correlation time, 1/2 DK
2
, and therefore D, is calculated from the slope

of Lnrc (1-) - (n(t)) 2l vs. -r, where the shot noise, the first term of Eq.(2)

may be neglected since it is zero except at T = 0, and ~
n(t))

~ 
is the average

count rate.

An example of the autocorrelation function is seen in Figure 2, taken at

a pressure of 15,000 psi. The diffusion coefficient determined from the slope

of this curve in conjunction with Eq.(l) yields the viscosity at 15,000 psi .

Our results for the limited pressure range of 0 to 35,000 psi (2.D kilobars)

taken at a temperature of 23°C are shown by the points in Fig.3. These point s

are superposed on the extensive data of Butt and Cap i (3) as represented by

the solid lines. The results are only intenued as an illustrative example of

the method .

Meyer H. Birnboim
H. Weiss
Rensselaer Polytechnic Institute
Troy, New York 12181

I
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FIGURE CAPTIONS

Figure 1 Block diagram of the Homodyne Spectrometer and high pressure
cell for the quasi-elastic light scattering experiment .
Lig ht sca tt ered a t an angle of 900 is detected by the photo-
multip lier . The number of p hotoelastic pulses n. in each

successive interva l of length T are stored in the memory of
¼ the compu ter .

Figure 2 Plot of 
~ I <n~n~÷~~> . - < n1>~ ] vs . delay t ime 

~~~

. at a

scattering angle of 900 and a tmosp he ric press ure .  The p hoto-
pulse autocorrelation function <n .m. • > . and the average

1 1+~1 1~
number of coun ts  are ca lcu la ted  f rom the measured  sequence
n.. The -r . = j T , where  j = 0,1,2 As discussed in the

1 1 2text the slope of the above curve yields r a 2D K • whereC 1-1

is the characteristic correlation time .

Figure 3 Viscosity of water vs. pressure . The filled points and solid
l ines are data of I~ett and Capp i. The open circles and
dashed lines are our data.
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Figure 1 Block Diagram of the Homodyne Spectrometer.
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ABSTRACT

- 
- 

It has been shown exper imentally by various investigators that the

dynamic viscosity of a d i lu te  polymer solution in the l imit of high fre-

quency does not become the viscosity of the solvent. To study this

limiting behavior , a high frequency sur fa ce delay line has been developed
for measurement of G’ and T~, in the range from 2 MHz to 40 MHz. Details

and equations for this device are described herein . Also the special data

acquisition technique required to extract phase/amplitude information from

RF pulses is described .

Three Newtonian fluids, NBS oil D, NBS oil J and NBS oil L are used

to obtain calibration curves which confirm the theoretical analysis. In

addition data is presented on one viscoelastic fluid , NBS oil N.
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I. Introduc tion

The viscoelastic response of d i lu te  pol ymer solutions is usually separated

into two parts , the pol ymer and the solvent contributions . The theories of

Rouse , Zimm and others attribute the polymer contribution to internal relaxa-

tional modes of the macromolec ule, the contribution to the total viscosity at

low frequencies drops to zero in the limit of high frequencies . On this basis,

one expects the viscosity of the solution to approach the viscosity of the

solvent in the limit of high frequencies .

Several investigators have found that this assumption is not borne out

experimentally, and the difference between the limiting solution viscosity and

that of the solvent has been attributed to internal friction . This inter-

pretation has recently been brought into question by Schrag and the problem

- remains open.

The experimental techniques that have been used to investigate this phe-

notnenon have primarily been in the frequency range from 0.01 Hz to 10 KHz .

This means that it has been necessary to use highly viscous solvents together

with the principle of time-temperature superposition to obtain the l imit ing

behavior. Wide frequency range measurements at a single temperature would be

• desirable to obtain a less ambiguous interpretation of results .

In this paper we describe a device and method for measuring the visco-

elastic response of low viscosity liquids in the frequency range 2 MHz to

40 MHz .

The device consists of a g lass p late in which a shear wave is propagated

between the ends, while the liqu id is in contact with the major surfaces . The

transverse mode of vibration , called the Meitzler mode , is the same mode as was

used by Meeker and Meitzler in an aluminum s trip delay line , and was subsequently

app l ied by Hunston and Meyers to polymer solutions . The technique here differs

38 
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from the high frequency technique of McSkimin in that the wave propagates in

the plane of the solid/liquid interface instead of at a normal or oblique

incidence to the interface as in the two methods of McSkitnin.

2. Description of Apparatus

a) The Surface Delay Line

The geometry of the fused silica surface delay line is seen in Fig.l.

A transverse wave (Meitzler mode) polarized in the y-direction is propagated

in the z-di rection . Piezoelectric ceramic driving and response transducers

of center frequency 25 MHz , are fixed at z 0 and z = L, respectively. The

line length £ = 7.62 cm and thickness 2b = 0.158 cm. The liquid is in contact

with the major surfaces at the interface x = 
± 
b. The beam (transducer)

width is 1.9 ems, and the width of the line is 5.08 cm. The thickness of

liquid layer for the data reported here is 0.025 cm . The line is isolated

from its polycarbonate case by 0-rings , and has a flow through arrangement for

filling .

The coupled wave solution for disp lacement in the y-direction u , in the

solid and in the liquid are respectively given by:

u
8(x ,z,t) = H exp [ _ i(~~ - z + iwt l cos( ç)~ ~- V bpV -. bpV

— * *  - up
u
L(x .z.t) = e xp  - 

~~~~ 
- i 

~~~~~~~~~~~ 
z + iwt1 exp~ - i ~~~ x] (2)

Through Eq. (1). the difference in attenuation ~A and in phase ~B of the wave

measured at z = £ in the absence and in the presence of liquid can be related

to the mechanical impedance Z of the liquid by:

‘Complete equations developed in the Appendix are not included here . 

—
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3.

- - where a and c~ are the density of the solid and the liquid and V is the

velocity in the solid without liquid .

*
The mechanical impedance Z R + iX is related to the dynamic shear

moduli G C C’ + iG” C’ + iw~fl’ by:

DLG = R2 - X2 ; PLC” = 2RX (4)

For a Newtonian liquid of viscosity fl, C’ = 0, thus

R X = ~~~~~) (5)

b) Pulse Technique and Data Acquisition

A cross-correlation method for measuring phase shift and amplitudes

of radio frequency (RF) continuous wave signals, called the methof of walking

frequencies, has been described previously (1). Herein this method is ex-

tended to phase/amplitude measurements on pulsed RF echoes .

As is seen in Fig.2 , a 1 MHz crystal clock is used : to drive the syn-

thesizer to produce the frequency of f MHz, to drive a programmable clock to

produce the pulse P every 40 ~s , and to drive a snap diode which on mixing

with P produces a very fast trigger pulse T every 40 ~s. The RF drive pulse

A of frequency f is produced every 1280 ~s (32 x 40 ~s) by mixing the synthe-

sizer output with the d.c . pulse Q of nominal width 25 ~s , that has been

appropriately delayed . The response signals (echoes) B, from the delay line

output are then sampled every 40 ~s by the trigger pulse T. The length of

line is such that the interval between successive echoes is nominally 40 ~s;

thus the drive delay (above) is adjusted so that echoes and sampling overlap .

The ou t p u t  of the sample and hold amplifier is then measured by the

analog to d ig i t a l  converter every 40 ~s and stored into the memory of the

40 
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4.

computer .  In order that  a comp lete and separate sinusoidal wave is developed

in the memory from each echo, the synthesizer must always be set to a walking

frequency. A walking frequency f is given by:

N I
+ f = + 32nT (6)

where 
~N 

corresponds to any commensurate frequency (every 25 KHz since

T = 40 ~s and N = 1,2,3 ...) and if we choose n = 625 memory locations to

correspond to 2n radians, then ~f = 1.25 Hz. Thereby for each echo one

sinusoidal wave is reconstructed in 625 locations , and , if they existed ,

32 echoes could be measured .

By the cross-correlation techniques described elsewhere (2) the relative

phase and amplitude between any one echo and another echo or drive signal

can be computed .

3. Experimental Results and Conclusions

As can be seen from Eq. (3) we expect linear relations between M and R

and ~B and X , with the proportionality constant indicated . Alternatively

calibra t ion cu rves can be obtained by using Newtonian fluids for which R

and X can be calculated by Eq. (5), from steady-state viscosity, frequency

and density. Such calibration curves are shown in Fig.3. The superposition

of these various liquids and frequencies establish the validity of the method .
I i

One f lu id , NBS oi l N . is shown in F ig .4 to be viscoelastic in this fre-

quency range .
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FIGURE CAPTIONS

Figure 1 Delay line configuration, where i~ is the propagation

vec tor, i~ is the particle disp lacement , A and B are thedrive and response RE pulses .

Figure 2 Block diagram of electronics . The output of the analog
to digital converter CPU , transfers data directly into

- - - computer memory.

Figure 3 Calibration curves for liquid mechanical resistance and
reactance in terms of measured attenuation M and phase
shift ~B, respectively. Measurements at 3.4, 6.0 and
14.5 MHz .

Figure 4 Viscoelastic behavior of NBS oil N.
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Figure 1 Dolay Line Configurat ion where k is the Propagation Vector ,
U is the Par t ic le  Disp lacement , A and B a re the D r ive and
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Figure 2 Block Diagram of Electronics. The output of the analog to digita l
converter CPU . transfers data directly into computer memory.
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FLUID BEHAVIOR IN
ELASTOHYDRODYNAM IC FLOWS

Figure 1(a) Stress/Deformation History in the EHD Problem
(Contact Zone)
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Figure 1(b) Stress/Deformation History in the EHD Problem
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Figure 12 - Captions

A - Argon ion laser, B - S ing le frequency c-talon . C - Polarization rotator .

D - Spatial filter . F - Partial (5/- ) r e f l e c t o r  - for beam intensity monitor

or alternately E2 entrance point for IleNe ( r o d  laser (second source

F - Lens to focus beam into “waist ’ diameter of 5C microns , G - i r is ~ot a t e

1800 to disp lace beam from “forward to b; ck\- ard sca:tering” illumination ,

— H - Diamond anvil cell , I - Cell clamp ~‘ith c e l l  orientation adjustment .

J — Pressure adjustment screw (onl y partly shown ). N - Pneumatic impact relay.

(not shown), L - Primary gonicmeter to adjust scattering ang le . -1. - ~-~i rror

for beam steering in forward scattering reg ime . ~L - Partiall y reflecting mirror

for beam steering in back scattering reg ime . N Adjustable slits or apertures .

0 - Microscope objective , P - Three port microscope body attached to  Table L .

N. - Rotatable and removable mirror for beam steering to R , S; i-i. - Eyep iece

or Vidicon port , S - Lens , T - Piezoelectricaily driven Fabry Perot interfi-ro-

met ( r of adjustable free spectral range . C - Mul t i pass corne r cube refl ector

and an Iodine filter not ~ndicated . V - Photomulti p lier . ~~ - Lens . X - Double

grating spectrometer , Y - Filter for fluorescence .
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